
Nonlinear Inferential Control 
Nonlinear inferential control (NLIC) has been developed as a method 

for improving control of nonlinear systems. The controller is model- 
based, and allows for direct use of available measurements. This paper 
presents the structure of NLIC and the manner in which it is applied to 
processes when the controlled variables are measured. Also described 
is the improvement in the process control using NLIC. Two illustrative 
examples are presented, a laboratory heat exchanger process and a 
simulated neutralization process. The results indicate that a substantial 
improvement in control is possible using NLIC. 
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Introduction 

Despite improvements in the theory and practice of process 
control over the past several decades, there remain classes of 
processes that either are left uncontrolled or are poorly con- 
trolled. These are processes that exhibit a very nonlinear 
response to controls. The effect of the control effort on the con- 
trolled process variable changes significantly due to distur- 
bances or changes in the desired operating point. An example is 
the control of pH. pH control has frustrated many attempts a t  
control (Gustafsson and Waller, 1983, 1984) because changes in 
buffering can radically change the amount of acid or base 
needed to achieve the desired pH. A single drop of strong acid or 
base can cause a change of several pH units in an unbuffered 
solution, whereas many thousand drops may be required to 
accomplish the same change in a strongly buffered solution. 
Since the degree of buffering depends on the concentration and 
types of salts in the solution, it is usually not feasible to measure 
it directly. 

In recent years several nonlinear control strategies have been 
proposed to accomplish the control of nonlinear systems (Shin- 
skey, 1962, 1973; Hunt et al., 1983; Meyer and Cicolani, 1980; 
Kravaris and Chung, 1987.) The last three references all present 
methods for transforming a nonlinear process into a completely 
or partially linear system. The most pertinent of the foregoing 
references is that of Kravaris and Chung. These authors achieve 
a linear input-output response for a reasonably broad class of 
systems by defining a new control effort that is linear in the 
actual controls and that depends on Lie derivatives and Lie 
brackets of the output and state equations. Our approach is to 
achieve a linear response of the output to the set point and dis- 
turbance effects by selecting the actual control effort so as to 
force the nonlinear process to follow a desired linear system tra- 
jectory. In those cases where the controls do not saturate and 
where the linear system responses and state estimation methods 

are the same, our methods and the approach of Kravaris and 
Chung should yield the same responses. By linear system 
response, we mean the “filter” response in our method, and the 
combined linear feedback controller, linear process response in 
the Kravaris and Chung method. The responses of the two meth- 
ods should be the same even when there are modeling errors. 

Nonlinear inferential control (NLIC) has the potential ad- 
vantage over the transformation methods discussed above that 
control effort saturation can be accommodated readily and is 
not a potential source of instability as in the transformation 
methods. In addition, this paper treats the important issue of 
unknown inputs (i.e., disturbances), which is not treated in the 
linear transformation literature with which we are familiar. It is 
also likely that the implementation and design of nonlinear 
inferential control systems will be simpler than that of the trans- 
formation methods. However, the transformation methods- 
especially those of Karavaris and Chung-are important for the 
current work in that they provide its theoretical underpinning. 

A major contribution of this paper is a structure proposed for 
the control of nonlinear processes. This structure focuses atten- 
tion on the use of available measurements to infer how distur- 
bances have influenced the process. It also provides a decompo- 
sition of the control problem, which facilitates the design of the 
nonlinear control system and provides a conceptually simple and 
practical method for tuning the control system to accommodate 
the inevitable modeling errors. On the other hand, we do not 
attempt to provide a rigorous, “turn the crank” method of 
designing all of the blocks within the proposed structure. Rather 
we present heuristics for the design of the various blocks that 
have worked well for the examples: control of a laboratory heat 
exchanger, a simulated pH process, and a simulated reactor pro- 
cess. The proposed design methods mainly follow those used for 
linear systems (Brosilow, 1979; Brosilow and Zhao, 1984; Par- 
rkh  and Brosilow, 1985), with whatever extensions are neces- 
sary to accommodate the nonlinear process. 
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Structure of Nonlinear Inferential Control 
The NLIC structure was selected to satisfy the following 

three criteria. 
1. The structure should permit use of all process information 

(i.e., process measurements and process models) to accomplish 
control objectives. 

2. The controller structure should provide for easy tuning. 
Tuning is “easy” when there is a single, physically meaningful 
parameter to adjust to obtain the desired performance-robust- 
ness trade-off. 

3. The controller structure should reduce to that of a linear 
inferential controller (LIC) (Brosilow, 1979; Joseph and Brosi- 
low, 1978; Parrish and Brosilow, 1985) or equivalently, a linear 
internal model controller (Garcia and Morari, 1982; Cutler and 
Ramaker, 1979) when the controlled variables are measured 
and the process model is linear. 

The first criterion arises from the fact that unmeasured dis- 
turbance can profoundly change how the process responds to the 
controls. Frequently, all available process input and output mea- 
surements are needed to estimate the effects of the unmeasured 
disturbances. 

The third criterion provides a link to existing theory and prac- 
tice of linear model-based control. This link can assist in ex- 
trapolating intuition concerning linear control system design 
methods to the design of nonlinear systems. 

The structure proposed for the nonlinear inferential controller 
with measurements of the controlled process variables is shown 
in Figure 1. If the controlled process variables are not measured, 
then a slightly modified version of Figure 1 can be used to infer 
the unmeasured variables as described by Parrish and Brosilow 
(1986). The following paragraphs give a brief overview of the 
function of each of the components of Figure 1. More detailed 
descriptions follow. 

Process. The process block represents the physical system to 
be controlled. The process is a nonlinear continuous time 
dynamical system. Since a discrete time version of the controller 
is implemented, it is the sampled process that we attempt to reg- 
ulate. 

Estimator. The estimator block uses process and control 
effort measurements to estimate the unmeasured disturbances 
and the process state (if needed). The difference between the 
value of the controlled variable projected by the model and that 
inferred by the estimator is a measure of the error in projecting 
the effect of the disturbances across the sampling interval. 

I-- - - - - - - - - - 1  

Model. The process model is either a continuous time or a dis- 
crete time dynamical system. Its role is to predict the process 
output in the future (e.g., the next sampling interval) as needed 
by the controller. Projections are  based on the disturbance esti- 
mates provided by the estimator and on the control efforts pro- 
vided by the controller. 

Comparator. The comparator provides an incremental mea- 
sure of the difference between the predicted and actual effects of 
disturbances on the process output. 

Summer. The summer provides a cumulative measure of the 
errors in predicted effects of the disturbances on the process out- 
put. The cumulative effect of model prediction errors E plays 
the same role in NLIC as the effect of the disturbances on the 
controlled variable in the linear internal model controller of Fig- 
ure 2b. 

Trajectory Generator. The trajectory generator translates 
changes in set point and the cumulative projection errors to a 
desired system response. The output of the trajectory generator 
becomes a set point, or tracking signal, for the output of the 
model. In this paper, we consider only linear trajectory genera- 
tors of the form shown in Figure l. The trajectory filter is chosen 
as a lag in exactly the same way that the filter is chosen for 
linear inferential control systems (Parrish and Brosilow, 1985). 

ControDer. The controller selects a control effort within the 
constraints, to make the model output (and so the process out- 
put) follow the output specified by the trajectory generator as 
closely as possible (as measured by some norm). 

Let us now verify that the control structure of Figure 1 satis- 
fies the three criteria given at  the beginning of this section. 

The estimator in Figure 1 uses all available measurements 
and the process model to provide estimates of the unmeasured 
disturbances, and extrapolates these estimates into the future. 
Thus criterion one is satisfied. 

Criterion two is satisfied since the control system is tunable 
via a single, physically meaningful parameter: the trajectory fil- 
ter time constant. The tuning parameter represents the speed of 
response of the closed-loop system when the model is perfect and 
no control effort constraints are encountered. For a value of the 
tuning parameter approaching zero, the control system provides 
rapid set-point tracking. For a value of the tuning parameter 
approaching infinity, a constant controller output is generated 
and the process response is the open-loop response (Parrish, 
1985). The speed of system response may be adjusted to provide 
stable control in spite of modeling errors. 

DISTURBANCES 
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Figure 1. Nonlinear inferential control (NLIC) system. 
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The control system will provide perfect steady state tracking 
of the set point provided only that the trajectory generator filter 
has unity gain. As with the linear internal model controller, the 
no-offset property is independent of modeling errors. 

To achieve the tuning and no-offset properties discussed 
above, it is necessary that the model be such that there exists a 
set of inputs (ie., disturbances) which could have caused the 
observed outputs. Otherwise, the estimator of Figure 1 will not 
be realizable. The foregoing, almost self-evident requirement is 
discussed in some depth in the section titled Process Modeling 
Requirements. 

The NLIC structure shown in Figure 1 reduces to the more 
familiar control system structure shown in Figure 2a when the 
process model is linear. Figure 2a is a trajectory tracking version 
(Popiel et al., 1986) of the linear internal model control (IMC) 
structure shown in Figure 2b. The trajectory tracking controller 
structure improves control system performance over linear IMC 
when control effort saturation is an important constraint. In the 
trajectory tracking implementation the controller utilizes the 
model state, and so can compensate for control effort saturation. 
When there are no constraints on the control effort, the struc- 
ture of Figure 2a reduces exactly to that of Figure 2b. The role 
of the controller in the trajectory tracking configuration is to 
make the model track the desired response as given by the tra- 
jectory “filter.” In order for the controller to be realizable the 
trajectory filter must cancel any unrealizable elements in the 
model inverse. (In practice, Figure 2a is modified by implement- 
ing only the lag portion of the trajectory filter and feeding back 
to the controller only the state of the invertible part of the pro- 
cess model.) 

Figure 1 reduces to Figure 2b for linear models in the follow- 

Trajectory 
Filter 

ing sense: 
1. The feedback signal E is the same for Figures 1 and 2 
2. The responses of the controlled variables are the same 
When the process model is perfect, the response of the con- 

trolled variable is given by 

Desired Process Measured 
Controller P 

Trajectory O%tputs 

y ( s )  = F(s)v(s)  + [ I  - F(s ) ]E  

A 

where y ( s )  = controlled process variable 
F(s )  = trajectory filter (selected to make the controller 

realizable) 
E = accumulated effect of unaccounted disturbance 

(and modeling errors) on the controlled vari- 
able 

A proof of the foregoing statement can be found in a paper by 
Parrish (1985). 

There are quite obviously substantial structural differences 
between Figures 1 and 2a even though they are equivalent for 
linear process models. These differences arise from: 

1 .  The need to use the disturbance estimates in the nonlinear 
model to generate the process variables 

2. The need to  generate the desired output (i.e., controlled 
variable) of the nonlinear model and not just the desired effect 
of the control on the output as in the linear case 

The process model in NLIC uses the projected value of the 
disturbances as well as the current control effort to calculate the 
process variable a t  the next sampling interval. The control effort 
is calculated (perhaps iteratively) to make model output a t  the 
next sampling interval (or a t  the preselected time horizon) equal 
to that specified by the trajectory generator at that future time. 
The incremental difference between the measured process vari- 

+ 
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A 
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Figure 2a. Trajectory tracking internal model controller. 
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able and that projected by the model is due either to errors in 
projecting the disturbances and/or to modeling errors. Sum- 
ming the incremental errors gives the accumulated effect of 
unaccounted disturbances and modeling errors. 

The trajectory generator in Figure 1 implements Eq. 1 
directly. In trajectory tracking IMC, Figure 2a, the disturbance 
response part of Eq. I-i.e., [ I  - F(s)]E-is implemented 
implicitly by the structure by subtracting the accumulated 
effect of the disturbances, E ,  from the set point. For a nonlinear 
process such an implicit implementation is not valid and is 
replaced by the implementation in Figure 1. The trajectory filter 
in Figure 1 is generally a lag cascade with a dead time (which 
might in general vary with process conditions). 

Process Modeling Requirements 
The NLIC model relates the control effort and disturbances 

to the process measurements. The models considered in the cur- 
rent applications of NLIC may be expressed as: 

(3) 

where X = the state vector of dimension n 
y = the model output (a scalar) 
0 = process measurements of dimension r 
U = input disturbances of dimension p 
A = a parameter vector of dimension q 
m = control effort (a scalar) 
d = control effort time delay (d  > 0) 
k = time index 

The following conditions are placed on the process model in 
order that it be used with the NLIC. These conditions arise so 
that the NLIC reduces to LIC when a linear model is used, and 
that the stability of the control system can be assured for large 
enough values of the filter tuning parameter. 

Condition 1 .  The partial derivatives 

(3). (2x1 ; (3). (3). (25) 
a x ’  am au’  a A  ’ ax 

must all exist and be finite throughout the operating region 
{X,  m,  U, A } .  

Condition 1 allows the model (given by Eqs. 2 and 3) to be 
linearized about all operating points so that a t  all operating 
points the model may be written as 

where 

n 

K .  II i- i  (a,z-’ + 1) 
G .  = 

I ”  

n ,-I (bijZd + 1) 

j = 1 , 2 ,  . . . , p +  1 (7) 

where the gains and time constants of Eq. 6 are functions of the 
stationary point 

Condition 2. The process model must be locally asymptoti. 
cally stable everywhere in the operating range. 

Condition 3. The sign of the steady state gain, K ,  must not 
change in the operating region. That is I KI > 0 where 

Condition 3 is a carryover from the design of linear controll- 
ers for linear processes. It is a necessary condition for the exis- 
tence of a stable control system with no steady state offset of the 
controlled variable from its set point (Parrish, 1985). 

Condition 4.  The model must be capable of exhibiting the 
measured process response in spite of process modeling errors. 
This property is referred to as “model consistency.” Model con- 
sistency is required so that the model response can follow the 
process. Intuitively, one would expect that if the model were 
incapable of replicating the process response, then use of the 
model to predict and specify process performance, as is done in 
NLIC, would not be successful. 

The model given by Eqs. 2 through 4 is said to be consistent if 
for any sequence of process measurements 4, . . . , O k ,  con- 
trols mor m,, . . . , mk-d, an initial state X,,, and parameters A ,  
there exists an associated sequence of disturbances U,, U,, . . . 
such that the model outputs 8,,j = 1, . . . , k (i.e., the predicted 
measurements) match the observations 0,, j = 1, . . . , k.  That is, 

In the above definition, there is no need for the sequence of 
disturbance vectors U,, j = 1, . . . , k ,  initial state X,, and param- 
eters A to be unique. Indeed, whenever uk has more elements 
than 0, (i.e., dim Uk > dim 0,) it is likely that multiple values for 
u k  will yield 8, = 0, .  

In general, the set of all possible sequences of observations 0k 
and controls mk-d,  k = 1 ,  . . . , d, is not known apriori. However, 
the approximate boundaries for the set of all possible observa- 
tions 4 ,  disturbances uk, states xk, and controls tnk are often 
available. A sufficient condition for consistency is that the map- 
ping from the set of all feasible disturbances, U, covers the set of 
all possible observations, O k r  for any feasible state, Xk-1, and 
controls, mk-d.  If a model satisfies the foregoing, then we say it 
is strongly consistent. Any strongly consistent model is also con- 
sistent. 

A subset of strongly consistent models comprises those for 
which the mapping from uk to 0k is one to one and onto for any 
Xk-1 and mk-d.  Such models are said to be uniquely consistent. 
In the examples that follow, the disturbance descriptions are 
restricted sufficiently so that the model becomes uniquely con- 
sistent. On the other hand, if the original model is not strongly 
consistent, it can be made so by adding other possible distur- 
bances either from first principles or simply by adding hypothet- 
ical disturbances to the measurements. Errors in postulating 
how disturbances enter the process will exhibit themselves as 
errors in the predicted process outputs, and these in turn will 
necessitate a slower response to set point changes and a slower 
recovery from disturbances. 

The linear models used in model predictive-type controllers 
(Brosilow and Zhao, 1984; Cutler and Ramaker, 1979; Garcia 
and Morari, 1982; Mehra and Roulani, 1980) are  always consis- 
tent because the difference between the predicted and observed 

0 , = 0 , , j =  1, ..., k .  
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outputs is interpreted as being due to additive disturbances. Of 
course, any nonlinear process can also be modeled as having dis- 
turbances directly influencing (i.e., adding into) the process out- 
puts, and such a model will be consistent. However, since in non- 
linear processes the disturbances can profoundly influence how 
the controls affect the outputs, it is far better to expend the 
effort required to model how disturbances actually enter the 
process than to simply assume that they add to the observa- 
tions. 

Estimator Requirements 
The purpose of the estimator module is to provide an on-line 

estimate of the process state and disturbances at  each time step. 
The estimator provides the estimates based on the control effort 
and the available process measurements. The disturbance esti- 
mates are used by the model module to predict the process out- 
put, and by the controller module to choose a control effort that 
will force the model (and therefore the process) to move along 
the desired trajectory in spite of disturbances. 

There are as yet no general algorithms for the estimation of 
unmeasured disturbances, process state, and uncertain parame- 
ters for processes modeled as in Eqs. 2-4. Nonetheless, for spe- 
cific examples, such as the neutralization and heat exchanger 
processes described later, it is often easy enough to construct the 
desired estimators. Since there are frequently more disturbances 
than measurements, the estimator design problem is often one of 
constructing a model of the disturbances, which produces a 
uniquely consistent model. The Appendix provides a simple 
technique for obtaining uniquely consistent models for a class of 
single-input/single-output processes, with the process output as 
the measured variable and where the disturbances enter either 
linearly or bilinearly. 

Systems Lacking Primary Measurements 
Nonlinear inferential control is applicable to systems that 

have secondary measurements but lack output measurement. 
The estimator uses the available measurements to estimate the 
state and disturbances as previously described. Given a state 
estimate 2, an output estimate jj may be calculated. The esti- 
mated output may then be used in the control scheme as the 
“controlled” output shown in Figure 1. Note that if there are no 
process measurements, then the estimated output j j  is always 
equal to the model output. In this case, E is always zero and the 
NLIC structure of Figure 1 reduces to a nonlinear open-loop 
control system. 

Trajectory Generator and Controller 
Requirements 

The designs of the trajectory generator (TG) and the con- 
troller modules are interrelated. The TG provides the desired 
trajectory to be tracked by the process and model, while the con- 
troller enforces the tracking. The two modules are first consid- 
ered separately, and then their interrelations are examined. 

Trajectory generator 
The purpose of the trajectory generator is to provide a refer- 

ence signal yd ,  which is the desired response of the process. As 
stated earlier, this research deals only with linear trajectory gen- 
erators, as given by Eqs. 1 and 9 below. For the class of systems 
considered in this work, the desired response of the system was 

previously given as 

y d =  FV + (1 - F ) E  ( 1 )  

where F = ( f )z-” 
D = the number of sample periods of measurement or 

f = the response “filter,” which is of the form: 
control effort time delay 

f= (AZ)”/(-tz-’ + t + At)” (9) 

where t = the TG time constant 
n = the order of the filter 

At = the sample period 
The response filter represents the desired rate a t  which the 

accumulated effects of unaccounted-for disturbances or model- 
ing errors E are to be eliminated from the output. In general, the 
actual system response will differ from the ideal (TG) response 
due to modeling errors and control effort constraints. 

The order of the filter is selected to make the continuous time 
version of the TG-controller pair realizable. The filter has a 
steady state gain of unity, so that the system will have no steady 
state error (i.e., yd  = u a t  steady state). 

The filter is tunable, by means of the time constant t, to stabi- 
lize the system against modeling errors. System stability is guar- 
anteed for t approaching infinity, regardless of modeling errors, 
as long as the model, estimator, and TG are consistent (Parrish, 
1985). In addition, the local stability of the system is guaranteed 
for t large enough because NLIC reduces to LIC for operation 
about a local stationary point. 

Because the NLIC structure is specified so that the system 
reduces to a linear inferential control system when applied to a 
linear model, it is necessary that the filter-controller pair be 
realizable for a continuous time system. This constraint is illus- 
trated for the linear system below: 

the order of the filter, n, 

2 order of D(s )  - order of N ( s )  (10) 

With this requirement, the filter-controller pair 

F * G-‘ = N,(s) /D,(s)  

will be realizable, i.e., 

order [D,(s)]  2 order [N,(s)]  (12) 

For nonlinear processes the method equivalent to the above is 
to choose the filter order as the relative order of the nonlinear 
system, as described by Kravaris and Chung ( 1  987). However, 
if the relative order is difficult to compute, or if the derivative of 
the output associated with the relative order is only weakly 
dependent on the control effort, then we recommend choosing a 
filter order higher than the relative order. The simplest and most 
conservative rule is to set the filter order equal to the process 
order. That is, 

n = dim [i] (14) 
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where X is the state vector of the model as defined in Eq. 2. For 
the examples described in this work, the two rules provide the 
same filter order. As with the model and estimator, the T G  has a 
consistency requirement: The desired trajectory must approach 
the measured process response as t approaches infinity. When 
the desired trajectory is the measured process response, the con- 
trol that maintains the desired trajectory is constant. A constant 
control assures system stability because the process is open-loop 
stable. In this work, only linear TG’s with response filters of the 
form given by Eq. 9 are used. With an Eq. 9 linear TG, the con- 
sistency of the TG is due only to the manner in which the accu- 
mulated projection error E is calculated. The desired trajectory 
will be the open-loop trajectory for c approaching infinity when 
the accumulated projection error is calculated by Eq. 15 (Par- 
rish, 1985). 

For a first-order process, the desired trajectory may be 
directly generated by Eq. 15 and the trajectory generator. When 
the system is second order or higher, it is generally necessary to 
project the cumulative differences between the model and the 
process outputs E into the future beyond t k .  This is done as fol- 
lows: 

- 
where = projected cumulative effect of disturbances on 

pk+i = projected model output (projected from the ini- 
tial state X k  through the model algorithm with 
some assumption about how i i k  will progress 
into the future) 

j k + i  = projected process output (projected from the 
initial state x k  through the model in the same 
manner as j k + i )  

Equation 15 is equivalent to Eq. 16 if the error is projected 
only one step into the future. Note that the projection calcu- 
lation of the process and model are  the same, but the initial 
states may be different. The initial states are  in fact different 
because disturbances affect the process before affecting the 
model. Specifically, disturbances affect the model only after 
being estimated. 

the process Output (with z k  = E k )  

Controller 
The controller module calculates the controls that will force 

the model output to track the desired trajectory (supplied by the 
trajectory generator) a t  selected points in the future. To do this, 
the controller module uses the future values of the disturbances 
as projected by the estimator. 

The values a t  the future times (i.e., time horizon) a t  which the 
model output is to match the desired trajectory is a tuning 
parameter that is selected to give a stable control. Ideally, the 
time horizon should be chosen to be as short as possible so as to 
minimize the errors introduced by projecting the disturbances 
into the future. If the model has an effective dead time that can- 
not be factored out, as is done for the linear controller, then the 
time horizon must exceed the effective dead time. Similarly, if 
the model has an inverse reponse, limited computational experi- 
ence (Bridle, 1985) indicates that the time horizon must exceed 
the duration of the inverse response. Finally, a rule of thumb 

that has worked well on nth-order lumped-parameter models 
without inverse response is to choose a time horizon of n sample 
periods (Parrish, 1985). 

The TG-controller module calculations of the NLIC are 
potentially the greatest computational load in the control 
scheme. The relatively large amount of computation is due to 
two factors: the projection of the system response and control 
effort saturation. The computation requirements of the con- 
troller due to these factors are considered below. 

In order to calculate the control effort required for model 
tracking of the desired response, several of the control system 
variables must be projected into the future (assuming that the 
system is higher than first order and/or has delays). The vari- 
ables requiring projection are: 

a. The estimated (or measured) process output y 
b. The model output j j  

c. The cumulative differences in process and model re- 

d. The desired trajectory y d  
In order to project the process and model outputs, a prediction 

of the control effort is needed. The controller algorithm may 
then require the simultaneous solution of the equations repre- 
senting the process, model, and control effort projections. Gen- 
erally, the solution of such a set of nonlinear equations is diffi- 
cult. The computational load may be reduced considerably by 
making assumptions about the projections so as to decouple the 
set of equations. One such method is to assume that the control 
effort is constant into the future for the purpose of projecting the 
process and model outputs. The control effort is then calculated 
based on the desired trajectory produced by the projections. 
Other methods for solving the controller equations which mini- 
mize computation are given by Parrish (1985). 

sponse E 

NLIC Applied to a Neutralization System 
The following example illustrates the application of NLIC to 

a simulated pH process. A conventional (PI) controller response 
is included for comparison. 

The pH process considered in this example is illustrated in 
Figure 3. The process consists of a continuously stirred tank 
(CST) into which a feed steam of unknown composition is flow- 
ing. The solution in the CST is to be maintained a t  a desired pH 
by addition of a basic solution. The feed to the CST is assumed 
to be a monoprotic acid (HA) and its soluble salts (A-). The 
concentrations of the acid and the salts in the CST are unknown. 
The neutralization is carried out using a solution of a strong base 
(such as NaOH, KOH, etc.) of concentration Cr at  a flow rate of 
m (the manipulated variable). A model of the system is derived 
based on the following assumptions: 

1. The CST is perfectly mixed 
2. The acid-base equilibrium is fast 
3. The equilibrium of the mixture of acids and salts is effec- 

tively represented by a single expression 
The third assumption is based on the fact that mixtures of 

acids and bases often produce titration curves similar to those 
produced by a single acid and its salts (Gusstafson, 1982; Gus- 
stafson and Waller, 1983, 1984). 

The process has been modeled by the following equations: 

(H+)  + ( N + )  = (A-) + (OH-) charge balance (17) 

(18) (HA) + (A-) = U (an unknown) 
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Feed(F) - Acidic 1 Flowrate(M) .................... 

Figure 3. Neutralization process. 

(H+)(A-)/(HA) = Ka 

= acid/base equilibrium constant (20) 

Equations 17 to 20 may be reduced to 

(H+)3  + [Ku + (N+)I(H+)2 

+ [(IV+)Ka - Kw - KuU](H+) - KaKw = 0 (23) 

The parameters of the process are 
( N + )  = concentration of the cation (of the base) in the CST 

(which is not measured) 
Kw = equilibrium constant for water 
Ka relative strength of the acid mixture in the CST; note 

that if there is a mixture of acids then Ka may be the 
“apparent value” of the equilibrium constant 

F = feed rate to the tank 
m = flow rate of the base (control variable) 
Cr = concentration of the base solution 

CJ = unknown concentration of the acid and its salts 
V = volume of the tank (assumed to  be constant) 

All parameters are constrained to be positive except the flow of 
the base, m, which may be zero. 

The model is highly nonlinear, with gain variation of two or 
more orders of magnitude over the operating region. The gain 
variation is due to several factors, among them changes in oper- 
ating point pH, buffering level U, and acid strength Ka. 

An NLIC system directly utilizes the process model described 
above. The controller modules are specified by algebraic manip- 
ulation of the discrete time equivalent of the model given by Eqs. 
21-23. The design follows. 

The first step in the design is to check the model characteris- 
tics in order to determine if a simple controller is suitable. The 
model has the following characteristics: 

1. The model gain is always positive. The gain corresponds to 
the slope of a titration curve that is always positive. 

2. The model exhibits no inverse response, so a simple control 
effort projection is suitable. 

3. Any model output can be achieved by proper selection of 
the disturbance V; that is, the model is strongly consistent. 

4. The model and process are self-regulating (open-loop sta- 
ble). 

Given that the model is suitable, one can proceed with design 
of the individual modules. The estimator design utilizes no mea- 
surement filtering (cases 1 and 2); the measurements are 
applied directly in the control algorithms. The estimator algo- 
rithm consists of merely solving Eq. 24 for ok where 

(H+): + [Ka + (N+)k](H+)2 

+ [(N+)kKff - KW - KaUk](H+) - KuKW = 0 (24) 

where (N+)k = ( k + ) k  (as given by the model) 

pHk = output measurement a t  time k 
(H+) ,  = 10-(pH*)  

v k  = Solution Of Eq. 24 
A one-step-ahead algorithm is used in the controller. The 

algorithm forces the model pH to follow the desired pH, 
(pH)f+i ,  a t  the next sampling interval, as follows: From the 
desired pH, (which is provided by the trajectory generator) a 
desired value of the cation concentration ( N + ) : + ,  is obtained by 
solving Eq. 24 with C k + ,  = ii,. Then, the current control effort, 
mk,  is obtained by solving a discrete form of Eq. 21 with the 
desired cation concentration replacing the actual cation concen- 
tration. The discrete form of Eq. 21 is 

Setting (N+)k+l  = ( N + ) : + ,  and solving for m, gives: 

(26) 
Fk * ( N + ) ,  + P *  [ ( N + ) : + ,  - (N+),l/At 

mk = 
[Cr - W+):+il 

The trajectory generator filter is a first-order lag like that 
given by Eq. 9 because the model is only a first-order system. 

The NLIC pH controller was applied to a variety of simulated 
test cases with varying degrees of modeling error, with and with- 
out noise corruption of the measurements. The cases considered 
here are: 

1 .  Perfect modeling 
2. Feedforward vs. nonfeedforward control using the feed 

3. Imperfect modeling 
The pH system has a nominal operating point as given in 

Table 1. During the simulation tests, two disturbances affect the 
process. The first disturbance is a feed rate change from 10 to 12 
L/min, which occurs a t  20 min. A second disturbance is a 
change in the acid/buffering concentration that begins a t  35 
min and rises as a ramp for 10 min. The acid/buffer concentra- 
tion becomes constant a t  45 min. All of the tests described below 
and the results shown in Figures 4 to 9 are subject to these dis- 
turbance inputs. 

flow measurement 

Test case 1 
The process/model parameters and input changes are given 

in Table 1. The model is a perfect representation of the process 
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Table 1. pH Process/Model Parameters and Inputs 

Parameter Value and/or Remark 

Ka 

Cr 
V 
D 

At 

m 

F 

U 

Set point 

Nominal value of 0.001 except where otherwise indi- 

Nominal value of 1 .O equiv/L 

Nominal value of 90 L 

Nominal value of 4 (sample periods) except where 

Sampling period, 0.10 min 

Upper limit of 3.0 L/min 
Lower limit of 0.0 L/min 

10 L/mh for 0 < t < 20 min 
12 L/min for 20 < t < 70 min 
When the flow rate is measured, the model feed rate 

is equal to the measured (process) flow rate. 
When the flow rate is not measured, the model 
rate is constant (I0 L/min) throughout the simu- 
lation. 

A measure of the degree of buffering in the system. 
U is assumed to be a primary disturbance which 
influences the system. It varies as follows: 
0.10 mol/L for 0 < t < 35 min 
ramping to 0.13 mol/L over 35 < t < 45 
0.13 mol/L for 45 c t < 70 rnin 

cated in test cases 

otherwise indicated in test cases 

4 units for 0 < t < 5 min 
7 units for 5 < t < 70 min 

(i.e., the model and process are represented by identical equa- 
tions). For this case, the inlet flow rate is measured, and the tra- 
jectory filter time constant t is chosen as 1 min. The system 
response using NLIC and PI  controller for this application is 
given in Figure 4. The PI controller was tuned to provide a stable 
response for the conditions of the test. The tuning parameters 
are: 

Reset time = 3.0 minutes 

Controller gain = 0.003 L/min . pH 

The control response is sluggish because the PI  controller must 
be tuned to maintain stability in spite of the severe nonlineari- 
ties. 

10 , 

B 

3 1  
0 100 200 300 

Time, minutes 

Figure 4. Response of neutralization process to set point 
changes and disturbances given in Table 1. 

'1 i 

0 20 40 60 
Time, minutes 

Figure 5. Response of neutralization process to set point 
changes and disturbances given in Table 1. 
Feed flow rate is not measured 

The PI control system response could be improved by incorpo- 
rating some of the model information into the controller. The 
method normally used is gain scheduling (Shinskey, 1973) that 
is, modifying the controller gain based on the measured pH. A 
gain-scheduled controller will allow for compensation of the pro- 
cess gain with pH. However, gain variations are  also due to 
changes in buffering. These gain variations are unaccounted for 
in the usual gain-scheduling approaches; therefore changes in 
buffering substantially degrade the gain-scheduled PI controller 
performance. The NLIC design, however, performs well in spite 
of buffering changes, because buffering changes are estimated 
using the process model. 

Test case 2 
This test is identical to test 1 except that the inlet flow rate is 

not measured. The model parameter P i s  chosen to be 10 L/min. 
over the duration of the simulation. Although the model is other- 
wise identical to the process, the fact that the model inlet flow 
rate is held constant while the actual flow rate is changing is a 
source of modeling error. In addition, because P is constant, 
there is no feedforward compensation in the control system 
when changes in F occur. 

The system performance under the conditions indicated in 
Table 1 ,  and a filtering time constant of 1 min, are illustrated in 
Figures 5 and 6. 

- 
0 
b 
5 
O 1  

0 20 40 60 

Time, minutes 

Figure 6. Control effort for responses shown in Figure 5. 
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I 

J 
0 20 40 60 

Time, minutes 

Figure 7. Response of neutralization process using con- 
troller having modeling errors. 

FOX-3 1 

0 100 200 300 

Time, minutes 

Figure 9. Response of neutralization process. 

3 !  

Comparison under NLIC with modeling errors and a well-tuned PI 
controller 

C o n d e n s a t e  

Test case 3 
The performance of the NLIC under conditions of modeling 

error is examined in this test. The process/model parameters 
and input changes are as given in Table 1, except: 

F = 10 L/min (constant) 

Ka = 0.001, Ka = 0.0005 

D = 3 min,D = 4min 

An additional dynamic modeling error is due to the control 
effort passing through an unmodeled first-order lag. The first- 
order lag has unity gain and a time constant of 0.1 min. The 
first-order lag could correspond to the response of a cascaded 
flow control loop on the inlet base flow rate. 

Under the modeling error conditions indicated, a filter time 
constant of 6 min is required to stabilize the system. The NLIC 
system response is shown in Figures 7 and 8. The response of the 
NLIC system with modeling errors is again compared to that of 
a well-tuned PI controller in Figure 9. 

For details of the heat exchanger construction, refer to Shine 
(1980). The outlet water temperature To is the controlled vari- 
able; the water flow rate m is the manipulated variable. The 
water flow rate is maintained by a PI controller whose set point 
is to be supplied by the NLIC. 

A simple process model may be obtained on the basis of a sin- 
gle heat balance relationship: 

dTo 
dt 

Cp * Vp * p * ~ = p * m * Cp * (Ti - To) 

+ U * A * (Ts  - TO) (27) 

where 

T = water temperature along tube 
Ti = T(0,  t )  = inlet water temp., 11°C 
To = T(L,  t )  = outlet water temp., "C 
m = water flow rate, 6.3 x 

- Ts = vapor temperature in annular space; varies from 20 to 

Vp = total volume of pipe = 2.3 x 

Cp = average heat capacity of water and pipe = 2,847 J/kg/K 

< m < 3.2 x m'/s 

100°C 
m2 

p = average density of water and pipe 990 kg/m3 
Heat Exchange System 

The laboratory heat exchange process illustrated in Figure 10 
consists of two concentric pipes, with water flowing a t  a rate m 
on the inside tube and steam condensing in the annular space. 

I I  I 
0 20 40 60 

Time. minutes 

Figure 8. Control effort for response shown in Figure 7. 

T 

Figure 10. Heat exchanger process. 

AIChE Journal April 1988 Vol. 34, No. 4 641 



L = length of condenser = 2.4 m 

A = area for heat transfer = 0.15 m2 
Ui = overall heat transfer coefficient = 1,136 W/m2/K 

Given the above parameters for the process model, Eq. 27 
may be rewritten BS 

dTo/dt = -a' * m * To - 6' * To + c' * m + u' (28) 

where a' = 1,442/mJ 
b' = 0.012/s 
c' 5 15,850°C/m3 
u' disturbance = UA * Ts/Cp * D * p > 0 

The simple bilinear model of Eq. 28 will be used for the con- 
trol. Note that several constraints exist on the process variables 
which limit the physically realizable region of operation for the 
model. These are: 

noise (as determined by process observation) and so no filtering 
is needed. The estimator algorithm is chosen as 

The controller algorithm projects one step ahead. Setting 
To = Tod and solving for the control effort m from Eq. 32, the 
controller algorithm is 

where (To)d is the desired trajectory (from the trajectory gener- 
ator). 

A first-order trajectory generator is chosen because the mod- 
el, Eq. 28, is first order. The filter is chosen as 

To > Ti (water temp. increases in the exchanger) (29) 
TG = A t / ( €  * (1 - Z - ' )  + Ar) (35) 

u' > 0 (the disturbance is positive since the 

steam temperature is positive) (30) 

(31) m 2 0 (the water flows in only one direction) 

A discrete form of the process model is chosen for implemen- 
tation of NLIC; 

(To),+, = ( - a  * mk+, - 6 + 1) * (To), 

+ U k + l  + c * mk+1 (32) 

where a = a' * At 
6 = 6' * At 
c = C' * At 
u = U' * At 

The only process measurement is the outlet water tempera- 
ture. This measurement is relatively free of high-frequency 

where z is the forward shift operator and c is the filter time con- 
stant. 

The above algorithms have been implemented on the process 
control computer and used in control of the heat exchanger pro- 
cess. Figure 11 contrasts the performance of the NLIC (with t = 

20 s) with a PI controller (reset time = 20 s, controller gain = 

-0.067), both of which were tuned to be stable over the entire 
region of operation (6.3 x lo-' < m < 3.2 x 10-4m3/s; 30 4 Ts 
< 9OOC). Note that both the NLIC and PI controller operate in 
a cascade mode, that is, they provide the set point to the flow 
controller. 

Conclusions 
The results of the pH and heat exchanger control tests show 

that a substantial improvement in the process responses is 
obtained with NLIC as compared with PI control, in spite of 
modeling errors. Thus, we believe that for systems where the 
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Figure 11. Heat exchanger response. 
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form of the nonlinearities is captured in the model, NLIC offers 
superior control. The degree of improvement in control using 
NLIC in place of linear methods will depend on the types of non- 
linearities, the available measurements, and the nature of the 
modeling errors. Those processes that are poorly controlled 
using linear methods are good candidates for NLIC. 

Notation 
A = vector of fixed process parameters 
d = control effort delay (no. of sample periods) 

E = accumulated effect of unaccounted for disturbances influencing 
D(s) = denominator polynomial of G(s )  

controlled variable 
f ( s )  = lag portion of trajectory generator filter 
F ( s )  = trajectory generator filter 

G = transfer function relating control effort to controlled variable, 

h = function mapping process state to controlled variable 
k = discrete time index 
K = process steady state gain 
m = control effort 
n = order of trajectory generatpr filter 

N ( s )  = numerator polynomial of G ( s )  
s = Laplace domain operator 

u = scaler disturbance to process 
U = vector of disturbances to process 
V = process set point 
X = process state variable vector 
y = measured controlled variable 

y d  = desired system response 
z = shift operator 
e = time constant of trajectory filter generator 
0 = vector of process measurements 
- = predicted value 
" = model variable, or approximate value 

or disturbance to controlled variable 

At = sampling time 

p H  system example 
Cr = concentration of base solution 
D = measurement delay 
F = feed rate to tank 

Ka = acid/base equilibrium constant 
Kw = equilibrium constant for water 

N+ = concentration of cation 
pH = pH of solution in tank 

m = Row rate of base (control variable) 

U = unknown concentration of acid and its salts (a disturbance) 
V = volunic of tank 

Heat exchanger example 
A = area for heat transfer 

L = length of condenser 
m = water Row rate 
P == average density of water and pipe 
T = water temperature along tube 
Ti = inlet water temperature 
To = outlet water flow 
Ts = vapor temperature in annular space 

Vp = volume of pipe 

Cp = average heat capacity of water and pipe 

UH = overall heat transfer coefficient 

Appendix: Disturbance Estimation for Linear and 
Bilinear Processes 

Consider the process described by 

where u i  = value of the ith disturbance at  time tk 

q = a continuous function of Yk- Mk- I 

The model given by Eq. 1 is linear in the disturbances and is 
easily solved for the sum of the disturbances from the measured 
output a t  tk and t k - ,  and the previous control, kfk-1, as 

If we can obtain a disturbance model that predicts each of the 
future disturbance u;+~ as a function of the past disturbances, 
then we can also obtain a formula that predicts future values of 
the combined disturbances Uk+,  from past estimates of the com- 
bined disturbances. For example, let future values of the distur- 
bances, u;, be predicted from past observations as 

t2;+l = (1 dju;-j\ = Liu; j = 1 , .  . . , n (A3) 
\ j  I 

where 

and 

Eui = i&+l = value of ui at  k + 1 

predict u' at  k + 1 

disturbance model 

n = number of past observations used to 

d; = parameters associated with the 

Equation A3 can be used to obtain a prediction of the com- 
bined disturbance by operating on Eq. A 2  with the product 
( E  - L,) (E  - L2)(E - L3) .  This gives 

( E  - Ll)(E - Ll) (E  - L3)Uk = 0 ('44) 

since from Eq. A3 

( E  - Li)Ui = 0 ,  i = 1,2,3 

Expanding Eq. 4 gives 

+ E-2L,L,L3 U, (A6) 

Equation A6 gives the rule for projecting U into the future from 
past observations of U. For the example above, the number of 
past observations required is 3 n  + 2. If n is more than 2, it is 
likely that any  practical scheme would have to approximate Eq. 
6 with a simpler expression-possibly by neglecting the product 
terms. 

In the above example, individual measurements of ui can be 
used for feedforward control, which reduces the number of past 
measurements needed to estimate future values of the unmeas- 

1 
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ured disturbances. The latter is important because modeling 
errors propagate more strongly from more ancient data. 

Consider now a model where the disturbances enter bilinearly 
as, for example, 

yk = -yk-lmk + .:mk + u: (‘47) 

where u’ and u2 are independent disturbances. 
Even though the control mi is known for j = 1, . . . , k, it is not 

clear how to lump the disturbances. However, without com- 
bining disturbances it is still possible to obtain u1 and u2 from a 
single measurement with the aid of Eq. A5. Solving Eq. A7 for 
ul and u2 and applying Eq. A5 gives 

The solution of Eq. A8a together with Eq. ASb, if it exists and is 
unique, yields the desired estimate. Establishing the existence, 
uniqueness, and efficient methods of solution for problems like 
those given by Eq. A8 is an area of future research. 

The above approach places heavy emphasis on the distur- 
bance model given by Eq. A3 or, equivalently, Eq. A4. When an 
accurate disturbance model is not available (which will often be 
the case) then one should search for an additional measurement 
to supplement the primary measurement. The additional mea- 
surement should of course depend on either or both u1 and u2. 
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